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Abstract
We study the p-Hamiltonian systems –(|u′|p–2u′)′ + A(t)|u|p–2u =∇F(t,u) + λ∇G(t,u),
u(0) – u(T ) = u′(0) – u′(T ) = 0. Three periodic solutions are obtained by using a three
critical points theorem.
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1 Introduction
Consider the p-Hamiltonian systems
{
–(|u′|p–u′)′ +A(t)|u|p–u =∇F(t,u) + λ∇G(t,u),
u() – u(T) = u′() – u′(T) = ,
(.)
where p > , T > , λ ∈ (–∞, +∞), F : [,T]×RN → R is a function such that F(·,x) is con-
tinuous in [,T] for all x ∈ RN and F(·,x) is a C-function in RN for almost every t ∈ [,T],
and G : [,T]× RN → R is measurable in [,T] and C ∈ RN . A = (aij(t))N×N is symmet-
ric, A ∈ C([,T],RN×N ), and there exists a positive constant λ such that (A(t)|x|p–x,x)≥
λ
p
 |x|p for all x ∈ RN and t ∈ [,T], that is, A(t) is positive deﬁnite for all t ∈ [,T].
In recent years, the three critical points theorem of Ricceri [] has widely been used to
solve diﬀerential equations; see [–] and references therein.
In [], Li et al. have studied the three periodic solutions for p-Hamiltonian systems
{
–(|u′|p–u′)′ +A(t)|u|p–u = λ∇F(t,u) +μ∇G(t,u),
u() – u(T) = u′() – u′(T) = .
(.)
Their technical approach is based on two general three critical points theorems obtained
by Averna and Bonanno [] and Ricceri [].
In [], Shang and Zhang obtained three solutions for a perturbed Dirichlet boundary
value problem involving the p-Laplacian by using the following Theorem A. In this paper,
we generalize the results in [] on problem (.).
TheoremA [, ] Let X be a separable and reﬂexive real Banach space, and let φ,ψ : X →
R be two continuously Gâteaux diﬀerentiable functionals. Assume that ψ is sequentially
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weakly lower semicontinuous and even that φ is sequentially weakly continuous and odd,







Finally, assume that there exists k >  such that
inf
x∈X ψ(x) < inf|φ(x)|<kψ(u).
Then, for every b > , there exist an open interval ⊂ [–b,b] and a positive real number σ ,
such that for every λ ∈ , the equation
ψ ′(x) + λφ′(x) = 
admits at least three solutions whose norms are smaller than σ .
2 Proofs of theorems
First, we give some notations and deﬁnitions. Let
W ,pT =
{
u : [,T]→ RN | u is absolutely continuous,u() = u(T),u′ ∈ Lp(,T ;RN)}









Let ϕλ :W ,pT → R be deﬁned by the energy functional
ϕλ(u) =ψ(u) + λφ(u), (.)
where ψ(u) = p‖u‖p –
∫ T
 F(t,u(t))dt, φ(u) =
∫ T
 G(t,u(t))dt.







[(∣∣u′(t)∣∣p–u′(t), v′(t)) – (∇F(t,u(t)), v(t))
– λ
(∇G(t,u(t)), v(t))]dt, (.)
for all u, v ∈ W ,pT . It is well known that the T-periodic solutions of problem (.) corre-
spond to the critical points of ϕλ.
As A(t) is positive deﬁnite for all t ∈ [,T], we have Lemma ..
Lemma . For each u ∈W ,pT ,
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Theorem . Suppose that F and G satisfy the following conditions:
(H) lim|x|→∞ |∇F(t,x)||x|p– = , for a.e. t ∈ [,T];
(H) lim|x|→ |∇F(t,x)||x|p– = , for a.e. t ∈ [,T];
(H) lim|x|→ F(t,x)|x|p =∞, for a.e. t ∈ [,T];
(H) |∇G(t,x)| ≤ c( + |x|q–), ∀x ∈ RN , a.e. t ∈ [,T], for some c >  and ≤ q < p;
(H) F(t, ·) is even and G(t, ·) is odd for a.e. t ∈ [,T].
Then, for every b > , there exist an open interval ⊂ [–b,b] and a positive real number σ ,
such that for every λ ∈ , problem (.) admits at least three solutions whose norms are
smaller than σ .
Proof By (H) and (H), given ε > , we may ﬁnd a constant Cε >  such that
∣∣∇F(t,x)∣∣ ≤ Cε + ε|x|p–, for every x ∈ RN , a.e. t ∈ [,T], (.)∣∣F(t,x)∣∣ ≤ Cε + εp |x|p, for every x ∈ RN , a.e. t ∈ [,T], (.)
and so the functional ψ(u) is continuously Gâteaux diﬀerentiable functional and sequen-
tially weakly continuous in the space W ,pT . Also, by (H), we know φ(u) is sequentially
weakly continuous. According to (H), we get
∣∣G(t,x)∣∣ ≤ c|x| + cp |x|q, for every x ∈ RN , a.e. t ∈ [,T]. (.)
For ∀λ ∈ R, from the inequality (.) and (.), we deduce that

























p ‖u‖ – εT .






Now, we prove that ϕλ satisﬁes the (PS) condition.
Suppose {un} is a (PS) sequence of ϕλ, that is, there exists C >  such that
ϕλ(un)→ C, ϕ′λ(un)→  as n→ ∞.
Assume that ‖un‖ → ∞. By (.), which contradicts ϕλ(un) → C. Thus {un} is bounded.
We may assume that there exists u ∈W ,pT satisfying
un ⇀ u, weakly inW ,pT , un → u, strongly in Lp[,T],
un(x)→ u(x), a.e. t ∈ [,T].

















(∇G(t,un(t)),un(t) – u(t))dt. (.)
We already know that
〈
ϕ′λ(un),un – u
〉 → , as n→ ∞. (.)
By (.) and (H) we have
∫ T

(∇F(t,un(t)),un(t) – u(t))dt → , as n→ ∞,
∫ T

(∇G(t,un(t)),un(t) – u(t))dt → , as n→ ∞.
Using this, (.), and (.) we obtain
∫ T

[(∣∣u′n(t)∣∣p–u′n(t),u′n(t) – u′(t)) + (A(t)∣∣un(t)∣∣p–un(t),un(t) – u(t))]dt → ,
as n→ ∞.
This together with the weak convergence of un ⇀ u inW ,pT implies that
un → u, strongly inW ,pT .
Hence, ϕλ satisﬁes the (PS) condition. Next, we want to prove that
inf
u∈W ,pT
ψ(u) < . (.)
Owing to the assumption (H), we can ﬁnd δ > , for L > , such that
∣∣F(t,x)∣∣ > L|x|, for  < |x| ≤ δ, and a.e. t ∈ [,T].
We choose a function  = v ∈ C∞ ([,T]), put L > ‖v‖p/(p
∫ T
 |v|p dt), and we take ε > 
















∣∣v(t)∣∣p dt < .
Thus (.) holds.
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From (H), ∀ε > , ∃ρ(ε) >  such that











∣∣u(t)∣∣p dt ≤ εpλ ‖u‖p.
















The condition (H) implies ψ is even and φ is odd. All the assumptions of Theorem A are
veriﬁed. Thus, for every b >  there exist an open interval  ⊂ [–b,b] and a positive real
number σ , such that for every λ ∈ , problem (.) admits at least three weak solutions in
W ,pT whose norms are smaller than σ . 
Theorem. If F and G satisfy assumptions (H)-(H), (H)-(H), and the following con-
dition (H′):
(H′) there is a constant B = sup{/
∫ T
 |u(t)|p dt : ‖u‖ = }, B ≥ , such that
F(t,x)≥ B |x|
p
p – B, for x ∈ R
N , a.e. t ∈ [,T].
Then, for every b > , there exist an open interval ⊂ [–b,b] and a positive real number σ ,
such that for every λ ∈ , problem (.) admits at least three solutions whose norms are
smaller than σ .
Proof The proof is similar to the one of Theorem .. So we give only a sketch of it. By the
proof of Theorem ., the functional ψ and φ are sequentially weakly lower semicontin-
uous and continuously Gâteaux diﬀerentiable in W ,pT , ψ is even and φ is odd. For every
λ ∈ R, the functional ψ + λφ satisﬁes the (PS) condition and
lim‖u‖→∞(ψ + λφ) = +∞.
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To this end, we choose a function v ∈ W ,pT with ‖v‖ = . By condition (H), a simple cal-


















∣∣v(t)∣∣p dt + BT
≤ – s
p
p + BT → –∞. (.)
Then (.) implies that ψ(sv) <  for s >  large enough. So, we choose large enough,










According to Theorem A, for every b >  there exist an open interval  ⊂ [–b,b] and a
positive real number σ , such that for every λ ∈ , problem (.) admits at least three weak
solutions inW ,pT whose norms are smaller than σ . 
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